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Spring 2005
Exercise 1

A single, first-order equation

We can solve these types of problems using awide variety of computer tools, including
Excel, but let’s use Matlab in this case. A generic first order ordinary differential equation can be
written as follows:

dy _
a;—ﬂtw
y(0) =A

where f is an arbitrary, nonlinear function of the dependent and independent variablesand Aisa
constant. Our first model problem of this typeisamodel for the velocity of an object fallingin
air. Thereisagravitational acceleration term and adrag term due to air resistance. The
differential equationis

mY —mg-py* =m ()

at
y(0) =0

where mis the mass of the object, y isthe velocity, and D is the drag coefficient.
Matlab uses an adaptive Runge-K utta algorithm to solve such equations. Asyou'll recall,
the fourth-order Runge-Kutta algorithm is:
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where h isthetime step. If we know y at a particular timet, then we can use this algorithm to
estimate y at atime t+h. We can then just apply a series of these stepsto determiney at any
desired time. Matlab is a bit more sophisticated in that it adjusts thetime step h asit goesaongin
order to achieve adesired accuracy.
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In order to solve the above equation, we merely need to provide Matlab with afunction
which givesf(t,y). Given aninitial value for y, Matlab will then solve for y over the desired time
interval. To provide the function, we create an m-file called rkfunc.m. This file will contain the
following Matlab statements:

function f=rkfunc(t,y)
vel oci ty=y;

mass=10;

D=0. 001;

g=9. 81,

f=g- D*vel oci t y*2. 5/ nass;

Heref returns the value for the derivative (dy/dt) at the given values of t and y. These statements
must be saved in afile called rkfunc.m. Then, we can type the following into the Matlab
command window and obtain a plot of the solution for y(t).

vinitial =0;

timeinterval =[0 40];

[t y]=o0oded5(' rkfunc',tineinterval,vinitial);
plot(t,y)

Y our plot should look like this (it shows the velocity as a function of time over the requested time
interval: 0<t<40):

Two first-order equations

Sometimes we need to solve two coupled differential equations.Our next exerciseisto
write aroutine for solving such a system, in this case atypical predator-prey problem. If welet z
be the number of rabbits in an environment, and y be the number of foxes, then we can model the
evolution of the animal populations by the following equations:
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The first equation gives the rate of change of the rabbit population. Thereis a growth term (2) and
a death term which depends on the product of zand y, implying that the more foxes there are, the
higher the death rate of rabbits. The second equation gives the rate of change of the fox
population. There is a death term (more foxes implies more competition for alimited food
supply) and a growth term which depends on the zy product (more rabbits means more available
food and thus an increase in the number of foxes).

Once we assume an initial number of foxes and rabbits (i.e. initial valuesfor zand y), we
can then solve this system to plot zand y as afunction of time. To do this, we need a Runge-K utta
algorithm for two coupled equations. This algorithm is:
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The Matlab file to define the equations for this caseis:

function f=rkfunc(t,w)
y=w(1);

z=W(2) ;

f=[-y+z*y/50; z-z*y/100];

Note that the variable w is a vector containing values for both y and z and that f now returns both
functions defining our system of equations. The commands to solve the equations are:
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timeinterval =[0 40];

initial=[5 10];

[t w]=oded5(' rkfunc',tineinterval,initial);
plot(t,w)

plot (W(:,1),w(:,2))

This usesinitial values of 5 rabbits and 10 foxes. The two plots we obtain are;
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Thefirst plot showsy and z as a function of time and the second plot showsy vs. z.
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A system of three equations
Lorenz simplified a complicated model of the weather down to a system of three
equations:

dx

o= XX
dy

e XZ+IX—Y
L

a =Y

Solve this system using avaue of r=17 and any initial values of the dependent variables that you
would like. Compare to the solution for r=26 using the same initial values.

Second-order equations
To solve second order equations, we convert them to a system of two first order equations
and then solve as described above. Suppose we want to solve:

d’y dy
=t+y+y—

az YT

y(0)=A

dy

~(0)=8B

dt()

To convert thisinto two first order equations, we just introduce an intermediate variable as:

Y
dt

Then we obtain

dz_d
dt  dt?

and our second order equation becomes:

y_,

dt
%=t+y+yz
dt

y(0)=A
z(0)=B

This can then be solved just as described above.



